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Abstract: We consider the problem of verifying invariance properties for duration systems. Such systems are (extended) timed
graphs with duration variables. They are especially suitable for describing real time schedulers. However, for this kind of
systems, the verification problem of invariance properties is in general undecidable. We propose an over approximation
method based on a particular extension of a given duration system, and we show that our over approximation includes all the
digitization of all the real computations of the duration system. The over-approximated system can then be used to performan
interesting close analysis of invariance properties of theinitial system, while other existing approachesfail.
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1. Introduction

Timed graphs constitute a powerful formalism widely
adopted for modelling real-time systems [3, 7, 16, 18,
21]. A timed graph is a finite control locations graph,
supplied with a set of clocks that can be tested and
reset at each transition between locations. Each clock
counts the elapsed time since its last reset; clocks
vaues range over the podtive reas and they are
supposed to increase continuoudly. So, the clocks of a
timed graph can be seen as continuous (real valued)
linear variables running with rate 1 at every control
location; the tests on these clocks alow one to explain
the elapsed time between transitions executed by the
modelled system.

However, it is often interesting to account for the
accumulated times spent by computations at some
particular locations. This corresponds to the concept of
duration introduced in [L2]. In particular, the whole
time spent by some computation is simply the
accumulation of the times spent a each visited
location. For instance, consider a system where several
tasks are executed in paralel. Suppose that we are
interested in constraining the execution time of some
particular task and assume that this task may be
interrupted by other tasks of higher priority. Then, the
congtraint on the execution time of the considered task
must be expressed using the accumulated times
corresponding to its execution. Intuitively, to compute
these accumulated times, we must use a clock that can
be stopped (frozen) when the task is interrupted, and
resumed when the task is active. This is typicaly the
case of rea-time schedulers with pre-emption [8].
Thus, a natura and interesting extension of timed
graphs remains consistent considering duration

variables that count accumulated times spent at some
particular control locations.

Actudly, duration variables are continuous linear
variables with rates 0 or 1 at each location. Hence, we
use the Duration Variables Timed Graphs (DVTG's)
that have been introduced in [8] which are defined
exactly as timed graphs except that they involve
duration variables instead of clocks. DVTG are
particular cases of the general models of hybrid
systems proposed in [4, 6, 10, 18, 19]. Duration
variables are called integratorsor stopwatch in[4, 18].
It is proved in [13] that stopwatch automata [18] have
the same expressivity as linear hybrid automata [5].

The problem we consider in this paper is the
verification of invariance properties for timed systems
modelled by DVTGs Invariance properties
correspond to safety requirements on the behavior of
these systems, and thus, they constitute the major part
of their specifications [20]. Invariance properties are
the duas of reachability properties. Hence, the
verification of invariance properties is equivalent to
solving reachability problems.

It is well known that the reachability problem for
timed graphs is decidable [3]. The decision procedure
for these systems is based on the congruction of a
finite region graph obtained by partitioning the (non-
countable) set of states into a finite set of regions such
that dl the states in a same region satisfy the same
reachability properties [1, 2]. However, such a finite
region graph does not exist in general when integrators
are considered. Actualy, it has been shown that the
reachability problem is undecidable for timed graphs
extended by one integrator [11].

This paper presents a technique extending a given
DVTG sygem into another one containing the initial
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computations as well as additional ones. Then we
present a discretisation technique (caled dso
digitization) dlowing the trandation from the
continuous case to the discrete one. Using this
digitization, we show that to each real computation in
the initial system corresponds a discrete computation
in the extended system. Thanks to this digitization
technique, we can determine al the computations
leading to locations fadfying the invariant. We show
that our verification method can be used to verify
duration systems represented by DVTG's with a finite
number of integrators while al the known models for
which reachability is decidable [6, 8, 18] or can be
verified by approximation [22, 23] have strong
constraints and have at most one integrator.

The paper is organized as follows. In the next
section, we introduce our computationa models,
namely the duration variables imed graphs and their
operational semantics. Section 3 defines the invariance
and reachability properties and sets the verification
problem that this paper deals with. Section 4 presents
an example of the use of DVTG's to moded timed
systems and invariance formulas to express safety
requirements on these systems. Then, in section 5, we
present the notion of digitization [15] that we use and
we define our approximation method. In section 6, we
present the verification results. Concluding remarks are
presented in section 7.

2. Duration Variables Timed Graphs

We introduce in this section models for timed systems,
caled duration variables timed graphs, which are
extensons of the well-known timed graphs [3]. A
Duration Variables Timed Graph (DVTG) is described
by a finite set of locations and a trangtion relation
between these locations. In addition, the system has a
set of duration variables that are constant-dope
continuous variables. Each of them changes
continuously with a rate in {0, 1} at each location of
the system (the rates of a same variable at different
locations may be different). The transitions between
locations are conditioned by guards that are
arithmetical constraints on the values of the duration
variables. The execution of any transition may reset
some subset of the duration variables of the system.
Duration variables can be seen as clocks that can be
stopped (frozen) at some locations and then resumed at
some other locations. This allows one to reason about
the durations of some particular locations instead of the
whole elapsed time in some computation. DVTG's are
particular cases of the general models of hybrid
systems proposed in [4, 9, 14, 18, 19]. We give
heresfter their forma definition and their operationa
semantics.

2.1. Definition

Firg of dl, let us introduce the notion of guard. Given
a st of variables X, a guard on X is a boolean

combination of constraints of the form x<c where

xI X, cisaninteger constant (cT N), and <1 {<, £},
the symbols < and £ representing the usual (strict and
non-strict) ordering relations over the reds. Let G(X)
be the set of guards on X. Clearly, we can assume
without loss of generdity that a guard is a union of
conjunctions of congtraints of the form a<x , x<b, X° .c

or X?.c, wherethe <'sarein {<,£}, theasin N, theb's

inN, thec'sin N, and then'sin N-{0}. We say that a
guard is closed if dl the <'s it contains are £'s (i.e.,
non-strict inequalities).

Now, let P be a set of atomic propositions and let
S=2". Then,aDVTG isatupleM=(S,L,d, ?,X,?,
a, q) where L is afinite set of locations, d is a set of
transitions (edges) between locations, i.e, di L'L,
?:. L? S associates with each location ¢ the set of
aomic proposgtions that hold at ¢, X is a finite set of
duration variables, ?. d? G(X) associates with each
trangition a guard which should be satisfied by the
duration variables whenever the transition is taken,
a: d? 2 gives for each trangition the set of variables
that should be reset when the transition is taken, and
findly, g: L” X? {0, 1} associates with each location
/1 L and each variable x in X the rate at which x
changes continuously while the computation is a /.
This means that if the computation stays t amount of
timeat 7, the variation of x isq (¢, X) .

We say that a variable x is a timer, if for every
location /1 L, (¢, X)= 1, otherwise we say that x isan
integrator. Notice that the class of DVTG's such that
al their variables are timers is the class of Timed
Graphs (TG's) introduced in [3].

2.2. State Graph

We now give an operationad semantics for the
DVTG's. Consider aDVTG M. A state of the model M
consists of a location and a valuation that assigns to

each variable a red value, i.e., a State is a pair (¢, n)

such that /1 L and ni [X® R]. Let S be the set of
states of the model M. A state (¢, n) is cdled integer

state if ni [X® N]. We denote by N(Sy) the set of
integer states of Sy.

We associate with the DVTG M a state graph. For
this, we define two trandtion relations (® ) and (.)
between the states of M. The relation (® ) corresponds
to trangtions due to time progress a some location
whereas (.) corresponds to moves between locations
usng trangtions in d. Before giving the formal
definition of these rdations, let us first introduce some
notations.
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Given a vauation n: X®R, a variable ¥ X and a

red vaue vi R, we denote by n [x- V] the new
valuation which assigns v to x and coincides with n for

al the other variables. Moreover, for any § R*, and
every location /1 L, we denote by [n+], the valuation
n’ such that for every X X, n’(x)= n(x) + q(/, X)*.
Findly, given a vduation n and aguard g, we denote
by n ? g the fact that the evaluation of g under the
vauation n istrue.

Now, we define two families of relations between
states ? " and 4 withfl R* and d d. For every i R”
and every di d, these relations are defined as the
smallest relationsincluded in S, Sy such that:

- (4n)? 14, [n+1]),
(£11n)'d (EZ!n[X_' O]XT a(d))
We define ® = J®' and = | Jo,, and we
t20 did
consider the rdlation ?=® E .. Then, the state graph
associated with M is (Sy,?). We denote by ? the

reflexive-trangitive closure of ?.

2.3. Computation Sequencesand Trails

We define now the notion o computation sequence of
a DVTG M. These sequences are defined as finite
sequences of configurations. A configuration is a pair

(s,t) wheresisastatein Sy and tT R " isatimevaue.
Intuitively, a computation sequence is a finite path in
the state graph of an extenson of M by an observation
clock that records the globa elapsed time since the
beginning of the computation.

Formally, we extend the transition relations ® ' and .4
from states to configurations. We denote these
extensions by (") and () respectively. Given two
configurations (st) and (s't’), these reations are
defined by:

C (s t):f (s, t)iffs? 'sandt =t +t
(s t);4(s,t)iffs.gs andt =t

Let us denote by (;) the union of al the (;''s) and the
(:*s) Then, a computation sequence of M starting
from a state sis a finite sequence
(So, to); (S, t1)% ; (Sy, ) such that s,=sandt,=0. We
denote by CS(M, s) the set of computation sequences
of M starting from s.

Now, let us introduce the notion of complete
computation sequences which is useful for the
digitization issue. We say that a computation sequence

(4o, No, to); (P1, Ny, t1); Ya(ln, Ny, ty) iscomplete, if for
each U N such that £t ,, there exists some rank B0
such that t;=u.
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It is clear that every computation sequence can be
completed by adding intermediate configurations
corresponding to the missing integer time values.
Indeed, given a computation sequence, for each rank
i 0 such that t1t;,; (hence, necessarily ¢;=(;.1), let
{u,Ya,u} be the set of integers between t; and t;.,.
Then, we can insert between the configurations (¢;, n;,
t;) and (¢;.1, Ni+1, tisa) the following sequence:
¢, my 60 o u)Yas, 0 ) ™ (G N,
tiv)
where t;= Us-t;, tyea= tisg-Um, " jT {2,...,m}, ;= 1, and

"l {1,%,m}, nl)=[n+ é tol.
p=1
Now, we introduce the notion of trail which isaso
useful for the digitization issue. We define atrail asa
sequence: (Lo, to); (£1,t1); Ya(ln, ty)
where the t's are positive rea such that t (=0, and for

every i3 O, t|£t i+1-

Given a computation sequence of M
S= (EO!nOlt 0)1 (€l1nl1t 1)1 ]/4(£n;nn;t n)

thetrail corresponding to sis the sequence
rs= (fo, to), (fl,t 1), ]/Al(gn,t n)-

Finaly, we introduce the notions of integer
computations sequences and integer trails. Wesay that
a computation sequence (resp. trail) is an integer
computation sequence (resp. integer trail) if dl thet's
in its configurations are integers.

Notation 1: let M be a DVTG, we denote by Comp
(M) the set of dl the real computations of M, we
denote by Digit (Comp (M)) the set of al the
digitization of al the real computations of M.

3. Invariance Properties

Invariance  properties  correspond to  safety
requirements on the behaviors (computations) of some
given system (DVTG). These properties are the duas
of reachability properties. We define in this section
formulas expressing invariance and reachability
properties on the variables of DVTG's,

Let M= (s,L,d, P, X,? a,q) beaDVTG. Then, an
invariance formula (resp. reachability formula) on M
is written " of (resp. $af ) where f is a boolean
combination of atomic propostions (o P), and
congtraints of the form x<c withxi X, ¢l N, and <I {<,
£}. The semantics of invariance and reachability
formulasis defined by asatisfaction relation 2 between
the states in & and these formulas. For every state
s= (¢, n), the satisfaction relation 2 is inductively
defined by:

& o iff "s1Sy, s?s implies s%
2paf iff $s1 Sy, ?s ands¥
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Spiffpl P(0)
s iff s2f
U, iff sToor 7,
£ x<ciff n? x<c

Clearly, we have " of =@$adf. Then, using
standard laws of the Boolean connectives, together
with the fact that any formula $a(f ,Uf ,) is equivalent
to @af ,)U($af ,), it can be easily shown that every
invariance formula is equivaent to the negation of a
formula of the form

n n
UsaP: uyx -<iJ c') @
i=1 j1

where the P;'s are boolean combinations of atomic
propositions, the X' are in X, the ¢’ are integers, and
the _<i' aein {<, > £ 3,°, ?.}. In this paper, we
consder the verification of invariance formulas on
DVTG's, i.e, deciding whether some given state s of
some given DV TG satisfies some invariance formula f
(s ). As we have seen, this problem reduces to the
verification of reachability formulas.

It is well known that this problem is decidable for
timed graphs [3]. However, it has been shown that this
problem is undecidable for DVTG's [11], and even for
DVTG's with one integrator (non timer) [14]. In [4],
the problem is shown to be semi-decidable.

4. A Real -Time Scheduler

In this section, we illustrate our framework through an
example. This example cannot be treated by other
exiging forma verification methods given in [6, 8,
18]. Actudly in [6, 8, 18] dl the models for which
reachability is decidable have strong congraints and
have at most one integrator.

Example 1

We consider a rea time scheduler with pre-emption
which handles three (families of) tasksaand b and ¢
using the following policy: The priority of the tasks
are as follows. a<b~c, in other words the tasks ¢ have
the highest priority, the tasks a have the lowest priority
and the tasks b are in the middle.

The timing assumptions are:

- The execution time of aisin thered interval ]0, 2[.
- The execution time of bisin thered interval ]0, 1[.
- The execution time of cisin thered interva ]0, 3[.
The system is moddled in the following manner: we
consider the DVTG represented in Figure 1. The model
has eleven locations with the following interpretations:

- In S, a band c are not active.
- In g, ais active (b and ¢ are not active). In this
location a can be suspended.

- In §, ais active (b and ¢ are not active). In this
location a cannot be suspended.

- In S, b is active (a and c are not active). In this
location b can be suspended.

- In S, bisactive, ais suspended and c is not active.
In this location b can be suspended.

- In §, b is active, ais suspended and c is not active.
In this location b cannot be suspended.

- In Sy, b is active, (a and ¢ are not active). In this
location b cannot be suspended.

- In S, cisactive (aand b are not active). ¢ cannot be
suspended.

- InS, cisactive, ais suspended and b is not active. ¢
cannot be suspended.

- In S, cisactive, b is suspended and ais not active. ¢
cannot be suspended.

- In §, cisactive, aand b are suspended. ¢ cannot be
suspended.

In order to implement the timing assumptions given

above, we use four variables x, y, z and t. The

variables x serving to count the execution of a and y

serving to count the execution of b are integrator

because a and b can be interrupted. z serving to count

the execution of c is a clock because c is never

interrupted. t is a clock serving to count the time

eapsed from the arrival of a, b or ¢ from the initia

location. x is stopped during the suspensions of a, in

the locations S, S, § and S. y is stopped during the

suspensions of b that isin locations S, and S;.

Figure 1. Real time scheduler.

We want to check the following property:

R: The time dapsed between the arrival of a b or ¢
from the initia location § (Start event) and the end of
a sesson when the initial location is revisited never
reaches 6 time units.

The requirement R is expressed by the invariance
formula
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(at_S,Uat_ SUat S)P " a(at_ Sb t<6)
where at_S isapropostion true only in the location S.

5. Approximation

We consider in this paper the verification problem of
reachability formulas. To get our detecting procedure,
we prove that every read computation of a given
duration system which starts from an integer state, has
a discretisation which is dso a computation of the
approximate system obtained from the initid one.
Then, we can do the veification problem of
reachability formulas on duration system with discrete
time.

5.1. Digitization

We present the notion of digitization introduced in [15]
which is suitable for the systems we are interested in.
Let us introduce some definitions and notations. Let

tT R+. For every d [0, 1], we define the integer
[t]e= if t £(&t (+e) then
éad
else
éu.

Now, we recdl the definition of digitization
according to [15]. Given a tral r= (4o, to); (4,
t1);%a(ln, th)
and a digitization quantum & [0, the digitization of
r w.r.t. e istheinteger trail:

[r1=(%o, [tole); (L1, [tale); Ya(ln, [tn]e)-

From a trail we can deduce the associated real
computation by calculating at each step the valuation
of the variables, this can be done using the following
definition:

k-1
ny)= & aly) B ()
i=jk+l
where j, denotes the greatest index j such that jEk, and
the transition ; is of the form , with yi a(d), i.e, y is
reset by d. We take j=-1 if such an index does not
exigt, and from a digitizated trail we can deduce the
associated digitizated computation by caculating at
each step the valuation of the variables. This can be
done using the following definition:

k-1
ny)= A alty) XD ()

i=jk+l
We will use this notion of digitization in our
approximation method. However in the following
example we will see that we can have a DVTG with
only one integrator for which there exists a red
computation such that &l its digitization are not
computations of the system. Moreover, we can show
that all the discretisations of this real computation are
not computations of the system. So we cannot do the
verification in the discrete model associated to a given
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DVTG M. Just before giving this example, we briefly
define what we mean by discretisation.

Definition 1: Given atral r= (¢o, to); (¢1,11); Ya(ly,
tn)
adiscretisation d(r ) of r is defined asfollows:

d(r )= (Yo, d(to)); (¢1, d(t1)); ¥a(£n, d(tn)).
where" il N, d(t;)£d(t;+,) and

. t,T NP d(ti):ti

S u<t;<u+lP d(t)l {u, u+l}

Example 2
Let s be the real computation of the DVTG as givenin
Figure 2.

Figure 2. Example.

s= {<&, (0, 0, 0)>, <S,, (0.5 0, 0.5>, <S,, (1, 0.5,
0.5>,<S;, (1.5 1, 1)>,<S,, (2, 1.5, 1)>, ¥4}

where the first component of the vauation is the

globd time, the second is the clock x and the third is

the integrator z.

There are four discretisations of r, two of them

correspond to a uniform digitizations:

di(9)= {<%,(0, 0, 0)>, <S,,(0, 0,0)>,<S,,(1,1, 0)>,
<$;,(1, 1, 0)>, <S,,(2, 2, 0)>, ¥a}= [s]. with
0.5<e<1

dZ(S)= {<SO,(O, O! 0)>1 <Sl’(l! 0’ 1)>’ <SZ!(17 O! 1)>1
<$;,(2, 1, 2)>, <S,,(2, 1, 2)>, Ya}= [ 5] with
0£e£0.5

ds(s)= {<%,(0, 0, 0)>,<S,,(0, 0, 0)>,<S,,(1, 1, 0)>,
<S;,(2, 2, 1)>, <S,,(2, 2, 1)> Y4}

d4(S): {<SO1(01 0, O)>v <S.L!(11071)>’ <SZ!(1|011)>’
<%;,(1,0,1)>, <S,,(2,1,1)>, Y4}

5.2. Approximation M ethod

As we have seen in Example 2 (see Figure 2), some
computations of a given DVTG M don't have any
discretisation in M. Then we cannot do the verification
of reachability in the discrete. Our idea conssts of
over-gpproximating the syssem M by a syssem M’
such that Digit (Comp(M))i Comp (M’). In other
words the discrete system associated to M contains all
the digitization of al the computations of the initiad
system M.

S0, let us first introduce some technical notions. Let
e be a digitization quantum. Now, for aeach trail r , for
every k30, we define
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D (K)=t1-txand D (K)= [txea]etile
Intuitively, D'(k) is the time taken by the
trangtion ;. in the red trail r (i.e., the time spent at

location /) whereas D, (k) is the time taken by the
same transition in the integer trail [r ]e.

Given ki N, we define EX(y) to be the difference

between the values of a variable y in [r]eand r at
postion Kk, i.e., just after the trangition ;. (if it exists).
Let us give the forma definition.
Let jx denote the greatest index j such that E k, and
the trangition ; is of the form ;, with yi a(d), i.e, yis
reset by d. We take j=-1 if such an index des not
exist. Then, we recall

k-1
n“(y)=a ay) <0 ()
i=jk+l
and
‘ . .
ne ()= a aly) <0 (i)
i=jk+l
Intuitively, n“(y) (resp. ne(y)) is the value of y at
postionkinr (resp.in[r ]e). Then, we have

E(y)= ne“(y)-ne(y)

Definition 2: We define a function b: X d? N that
calculates for each variable X X and each transition
e= (s, §) the maximum of restarts of x from the last
reset of x until the location sin each way.

b(x, €)= Maximum { number of restarts(x) from the last
reset of X until the location sin each way} .

A restart of a variable x is the change of its rate
from Oto 1. And after areset of avariable x, if the rate
of a variable x in the current location is 1 then the
access to this location is considered as a restart of x.
For example if in the first location x has arate equal 1
then the access to the initial state is considered as a
restart. That is why for the clocks the function b is
equal to 1 for each trandition.

Remark 1: In the example givenin the previous section
(see Figure 1), for the integrators x and y we have b(x,
el {1, 2} and b(y, e {1, 2} depending on the
trangition e. Actudly, for x we have b(x, (S, &)= 2
and b(x, €)= 1 for each € (S, &), and for y we have
b(y, (S5, So))= by, (Ss, S5))= 2and b(x, €)= 1for each
el {(S, &), (S, S}

Definition 3: A finite preemption DVTG (FP-DVTG
for short) isaDVTG that obeys to the following rule:

For every variable ¥ X and for every transition e,
b(x, €) is bounded.

Remark 2: The example given in Figure 1 is an FP-
DVTG. Actudly, the DVTGs that obey to the
following rule are FP-DVTGs:

For every variable X X and for every loop, if the rate
of x changes in this loop then x must be reset in this

loop.

Thisruleisverified in Example 1.

Proposition 1. For every computation r of an FP-
DVTG M, every digitization quantum e , every
variable yi X, every transtion d d and every K N,
we have

b(y,€=0p ES(y)=0

b(y, ©> 0P |ES(y)|<b(y, &)

Rroof: For every computation r
yl X we have

k-1
Efy)=a  a(t.y) XL ()- D )
i=0
For a given index k, a given transition e= (¢4, /) and
agiven vaiabley, if b(y, €)= O then therate of y is 0
in the locations visited from the lagt reset of y. So
ne‘(y)= n“(y)= 0, thus E(y)= 0.

Now, for a given index k, a given transition e= (¢,
/) and a given variable y, if b(y, €)>0 then the
sequence r  has a unique decomposition into a finite
number of sets of indices {0Y4, jo-1}, {jo, %4, ji},
{11+1%, jo- 2}, {j2¥a, ja} Ya{jp/¥a, K}, where:

- Jo isthe first index i where q (¢;, y)= 1 after the last

reset of y.

- q (¢, y)= 1in the following sets : {jo,Y4, ji} {j2.%4,

Ja} Ya{jonYa, J2n1} @d g (4, y)= 0in the other sets.

and every variable

We have nt+1= b(y, €) by definition of b, because the
number of restarts of y is equa to the number of
subsets of indices on which q(¢,y)= 1. Then,

ji-1 j3-1
Ey=a ©®O-0@)+ a @G 0@+
i=jo i=j2
et :
+ a [ ()-D()
i=jon
Where |, is the first index i where q(¢;,y)= 1 after the
last reset of y. Besides, for each mi {0, 1%, n}, we
j2m+1—1
have -1< & (D. (i)-D (i))<1. Thus,
i:j2m

-b(y, e)<E<(y)<b(y, €) O

Definition 4: The approximate modd M’= App(M) is
obtained from M by transforming each guard of a
transition e of the form u< y< w by the guard
If u-b(y, €)3 0 then
u-b(y, £ yE w+Db(y, €)
ese
Of yEw+Db(y, e
whereu, wT N, xI X and <1 {<,£}.

6. Verification of FP-DVTG

We consider in this section the verification problem of
reachability formulas for FP-DVTG's. To get our
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detecting procedure, we prove that every red
computation of a FP-DVTG which starts from an
integer state, has a digitization (according to our
definition given in the previous section) which is dso a
computation of the approximate system obtained from
the initid one. Then, we show that the verification
problem of reachability formulas on FP-DVTG's with
discrete time, reduces to the reachability problem in
finite state graphs.

6.1. Digitization Result

Let M be a FP-DVTG. Along this subsection, we refer
to the following trail

r=(lo, to);(ats); Ya(lntn)

To amplify some definitions given later, we assume
that the vaue of the variables are initidly 0. The
consideration of any other integer vaues does not
present any difficulty. Under these assumptions, we
prove that r has a digitization which aso corresponds
to a computation sequence of the extending model M’ =
App(M). We can see that any digitization preserves the
satisfaction of the transition guards of the extending
modd M’= App(M), since the absolute value of the
difference between the values of a variabley in r in
the moment where the transition e is taken and its
digitization [r ] is strictly less than b(x, €) (Proposition
1). This ensures that [r]. corresponds actualy to a
computation in M’

Lemma 1: Let k<n such that the transition e ;. is of the
form £, i.e,, a discrete move between locations. Then,
[E(y)|<b(y, €) implies that for every 1 N and d N,
l<n(y)<u  with < {<£} implies  that
ne‘)1 {I-b(y, &) ¥a , u+b(y, €)}

Lemma 1 ensures that under the assumption that r
corresponds to a computation of M, which means in
paticular that the guard of d is satisfied in r, if
[E(y)|<b(y, €), then the guard of d in the approximate
system is aso satisfied in [r ]e. This is due to the fact
that the guard of d in M’= App(M) is relaxed by b(y,
e).

Proof: We have by hypothesis

[EcY)I=Iney)- n0)I<b(y, €) 2

We consider that <n.‘(y)<ut+b(y, €). Since (2) holds
by hypothesis, and since n.“(y) is an integer, we have
necessarily  I-b(y, e)fnS(y)Eutb(y, € then
ne‘W)T {I-b(y, &) ¥4, u+b(y, €)} . O

Proposition 2: Let r be acomputation of a FP-DVTG
M, then for each d [0, 1[, [r]; is a computation of
M’ = App(M).
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Proof: Propostion 1 ensures that for a given FP-
DVTG M), for each trangition e, for each variable y,
for each e and for each computation r of M we have
IE(y)|<b(y, €). The lemma ensures that if [E(y)|<b(y,
€) and a guard of e is satisfied in r then the relaxed
guard by b(y, €) is dso satisfied in [r]e so [r]e @
computation of M’= App(M). 0

6.2. Solving the Reachability Problem

In this subsection we show how we can solve the
verification problem of reachability formulas for FP-
DVTG's. Let M'= (S, L,d, P, X, ? a, q) bean
extending FP-DVTG obtaned from a FP-DVTG
modd M, the verification problem we consider is $2f
where $= (o, Np) is an integer state and is a closed
reachability formula given by

Y

f=%a(pulyx)
j=1

The consideration of digunctive reachability formulas
of theform (1) (see section 3) is then straightforward.

Our result is based on a reduction of the problem
so?f  to the reachability problem in afinite state graph.
This reduction is made in two steps. The first step
remains consistent in considering arelaxed FP-DVTG
M’; obtained by adding to M’ a target location #
which is reachable from g if and only if $?f holds.
Then, usng the digitization result given in the
previous subsection, we show that this reachability
problem can be solved by reasoning on a finite graph
deduced from (N(Sw).? 'E.).

S0, let us define the modd M’¢. As we said, we
construct M’; as an extension of M’ such that the set
of locations of M’ isthe set L augmented by a new
location # satisfying a special new atomic proposition
a_#, and every location in L that satisfies the state
formula p has atrandtion to # which is guarded by

0
UXJ'.
j=1

Formally, M’;= (SE{at_#}, LE{#}, di,P1, X, 2, a,
0:1) where
. dh= dE {(¢#)|¢1 L and P (¢)? p}
- P(¢)=P(¢) for every /1 L and P,(#)= {at_#}

- 2(d)= 2(d) for every di d and ?,(d)= _[ij for every
di d\d =

- ay(d)= a(d) for every di d anda,(d)= /E for every
di d)\d,

- qu(¢, X)= q(¢, x) for every ¢ 1 Landx X, and
q.(#, X)= 1 for every xi X.
Then, it is clear that $2 f holds if and only if some
state of the form (#,n) is reachable from s, in M; i.e.
s?f holdsin M’ if and only if
s?$aat_# holdsin M’ 3



154 The International Arab Journal of Information Technology, Vol.1, No.2, July 2004

Now, let us consider the problem 2 $aat_# in M’;.
We recall that 2 $aat # holds if and only if there
exists in M’y some computation sequence starting
from s

s= (Yo,No,to); Ya 5 (Nt )
such that /,= #. Let
r<= (¢o,0); ¥ ; (€n,nn)

be the trail corresponding to s. Then, by Proposition 2,
for each value ein [0, 1[, we have[r s] correspondsto
a computation of M’¢. Hence, there exists some integer
computation sequence

S,:(EOanlO); (gl,n,l,t11); ]/4 l (gmn,mt ,n)

in the model M’ such that 7,= # . So, we can solve the
problem s2$aat # by conddering only integer
computations of M’s which means that we can restrict
our attention to integer states of M’y and consider only
the countable state graph G= (N(Sw:),? 'E.).
However, this state graph is infinite. We show that
nevertheless, we can solve the problem 2 $aat_# by
considering afinite graph G’ derived from G.

Let us first introduce some notations. For every
variable x, we define two constants ¢, and n,. Let ¢, be
the maximal constant which is compared with x in M’¢,
i.e, gG=max({c | xE corx® cisaguard of M’;}); and
let n, be the lcm (lowest common multiple) of the set
{n] $c, x°,c or x?.c is a guard of M’;. We also
introduce two functions J and | defined as follows:
J(a n)=ciff & ,choldsand | (a, n)=if J(a, n)= 0then
neseJ(a n). Let n bean integer vauation, we denote
by | (n) the integer valuation defined by

[ (N)(¥)=if n(X) £ c,+n, then
n(x)
ese
ct+l (n(X)-c, Ny).

In order to construct the graph G’, we observe first
that dl the variables of M’y are monotonic (never
decrease). Thus, for every variable X, it is dear that
beyond ¢, the exact value of x is not relevant for the

guards of the form » ¢ or ¥ c. Moreover, for the

guards of the form °, or ?,, we can find a finite
amount of values of x beyond ¢, that represent al the
possible behaviors of vauations d x w. r. t the guards
of M’¢. Indeed, for every guard X° c; of M, it iseasy
to see that if n (x) 3 c+n+1, then n(xX)° ¢ holds iff
cH (n(x)-c,, n)° nic holds too. Thus, we have the
following fact.

Lemma 2: For every integer valuationn1 [X? N], and
for every guard gin M’¢, n ? giff I (n)? g.

By Lemma 2, we can consder a finite graph
G=(Q? % E .) induced by G and defined by:
- Q={(¢,n)T N(Sws):" xI X, 0£n(X) £c+ng,

- (en)? % (4,1 ([n+1],))
Then, we have the following result.

Lemma 3: (4o, Ng) 2 $aat_# holds in M’ if and only if
there exists some state (#n) which is reachable from
the state (4o, | (ng)) inthe graph G'.

Finaly, from 3) and Lemma 3, we get the following
result.

Theorem Let M be a rdaxed FP-DVTG, M’ its
extension, § an integer statein N(Sy), and f aclosed
reachability formula. Then, if 2 f istruein M then 52
f istruein thefinite graph (N (Sw1), ? 'E .).

7. Conclusion

We proposed an approximation method for verifying
reachability properties over duration systems, while
other exising formal verification approaches in
generd fail. We believe that our approximation alows
a good analysis of duration systems. Besides, we can
combine this result and the results described in [15]
about the verification of MTL logic over timed graphs,
in order to verify a large fragment of MTL logic over
duration systems.

In a future work, we plan to combine our results
with those described in [13] showing that every Linear
Hybrid Automata can be transformed into a stopwatch
automata recognizing the same language, and the
results in [15] to develop a tool dedicated for the
verification of a large fragment of MTL over linear
hybrid automata.
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